We propose a nonlinear modification of the Schrödinger equation that possesses the main properties of this equation such as the Galilean invariance, the separability of composite systems, and the homogeneity in the wave function. The modification is derived from the relativistic dispersion relation between the energy and momentum of free particle. The only change it effectively entails in the Schrödinger equation involves the probability current which remains conserved. The modification is the best relativistic extension of this fundamental equation that preserves the properties mentioned above. * Electronic address: puszkarz@cosm.sc.edu
Since its discovery in 1926, the Schrödinger equation,
has been subjected to a very thorough examination, both experimental and theoretical. In the very same year, Madelung showed that one can represent this equation as a system of two nonlinear equations,
for the amplitude R and the phase S of the wave function Ψ = Re iS . The first of these equations is the continuity equation with the probability current j Sch =h m ∇ · R 2 ∇S and the probability density ρ = R 2 . The other equation is a dynamical equation which, along with the continuity equation, can be used to determine stationary states of quantum-mechnical systems. They can be obtained as the imaginary and real part of the Schrödinger equation. Let us recall that heuristically the discussed equation can be derived from the relativistic dispersion relation between the energy and momentum of free particle
One obtains it by discarding the rest energy term from the leading approximation to (4),
adding the potential term, and subsequently applying the first quantization procedure. The Schrödinger equation is homogeneous of degree one in the wave function. It is not clear though what physical meaning one should ascribe to this. It is rather disputable that the property in question is underlied by or entails any physically important principle. This seems to be corraborated by the fact, purely mathematical in its nature, that the time-independent Schrödinger equation as a linear homogeneous differential equation of second order is completely equivalent to the generalized Riccati equation which is a nonlinear nonhomogeneous differential equation of first order [1] . Weinberg has recently elevated the discussed feature of the Schrödinger equation to one of fundamental assumptions of his original modification of the linear framework of quantum mechanics [2] . It was his hope, particularly expressed in [3] , that the homogeneity might entail the separability of this equation. 1 However, one can find examples of nonlinear modifications of the Schrödinger equation that contradict this thesis [4] .
The separability of noninteracting subsystems [5] has much more profound physical consequences. Mathematically, it means that if Ψ 1 ( x 1 , t) and Ψ 2 ( x 2 , t), which are assumed to be wave functions for such subsystems-particles, are solutions to this equation with a potential V i ( x i , t), (i = 1, 2), then the product Ψ 1 ( x 1 , t)Ψ 2 ( x 2 , t) represents a solution to the Schrödinger equation for the system consisting of these particles in the presence of a potential V (
The additive form of the potential ensures that no interaction between the subsystems occurs. Such an interaction may however appear in nonlinear modifications of the Schrödinger equation even if the potential itself does not imply that. This is due to a coupling that a nonlinear term usually causes between Ψ 1 ( x 1 , t) and Ψ 2 ( x 2 , t). As a result, even in the absence of forces the very existence of one of the particles influences the wave function of the other. Needless to say, this is not a physically sound situation. This particular feature of the discussed equation distinguishes it from the Klein-Gordon equation. One arrives at the latter from (4) upon squaring it and employing the first quantization. The time dependent part of this equation introduces a coupling between Ψ 1 ( x 1 , t) and Ψ 2 ( x 2 , t), rendering the equation inseparable in the sense discussed. Another difference between these equations is in the probability density which cannot be defined as a non-negative quantity for the Klein-Gordon equation.
It is the purpose of this paper to derive a relativistic extension of the Schrödinger equation which would stem from a closer approximation to (4) than the truncated first order approximation (5) and which in fact would be a modification of the equation concerned. The interest in nonlinear modifications of the fundamental equation of quantum mechanics has recently been revived by the above mentioned work of Weinberg [2] . (For a wider array of approaches and motivations to modify this equation one is also referred to [6] .)
We would like this equation to possess the property of separability of composite noninteracting systems. It should also allow for a non-negative probability density emerging in the continuity equation and be Galilean invariant. We also demand that the probability current of this equation be conserved. These properties are certainly of physical relevance. As we will see, our approach will result in a homogeneous equation by way of construction, exactly as the Schrödinger equation is rendered homogenous when derived in the manner outlined above.
To proceed, let us note that by expanding (4) in a series of p 2 and applying the first quantization we obtain terms λ 2n c ∆ n Ψ, where λ c =h mc is the Compton wavelength. Working in the Schrödinger-Madelung representation, we observe that the terms concerned contain growing with n a number of terms involving derivatives of R and S. The essence of our approach is to extract from them the terms that would satisfy our criteria. It is easy to check that the following reccurence relation emerges for n ≥ 1
where A 0 = R and B 0 = 0. The first part of this equality is trivially valid for n = 0 as well. It should be noted that by expanding (4) in a series of ∆ n Ψ one obtains nonseparable terms, the only exception being the leading n = 1 term that gives rise to the Schrödinger equation. Moreover, such an expansion would not be Galilean invariant. To ensure that both of these properties are maintained in the modification intended, it is more convenient to use the Schrödinger-Madelung representation.
As an example facilitating further considerations, one can read out from (6) that
Among the above terms, only B 1 and ∆B 1 are separable, although not Galilean invariant. RB 1 is proportional to the divergence of the probability current of the Schrödinger equation, but the continuity equation (2) is Galilean invariant only as a result of cancellation of noninvariant contributions coming from its both terms. To see this, let us recall that under the Galilean transformation,
the amplitude of wave function does not change, the phase changes according to
whereas the operators that affect these quantities in (2) transform as
As one can deduce from the general reccurence rule (6) and the last equations, only the ∆A n and ∆B n terms could produce Galilean invariant and separable terms from the terms that became separable in a preceding iteration, but were not necessarily Galilean invariant. The conditions of separability and Galilean invariance are stringent enough to select only one term that can maintain separability in successive iterations of ∆ and at the same time yield terms that are Galilean invariant. It turns out that this term is α = B 1 = R∆S + 2 ∇S · ∇R.
Let us note that even if ∇S · ∇R is separable, when acted upon by R∆, it nevertheless gives rise to nonseparable terms
The same applies to the terms R∆ ∇∆ 2n S · ∇R (n ≥ 1) that appear in higher iterations. For this reason we will discard them. As we will see, multiplication of all terms of the expansion discussed is necessary for the correct form of the continuity equation. For the term B 1 it was already pointed out: it is RB 1 and not B 1 itself that gives rise to the divergence of the probability current. With the second term of (9) discarded, R∆α = ∇ · (R 2 ∇ 3 S) + R∆R∆S, but since R∆R∆S is not separable, it should be excluded from our construction as should other terms of the form R∆R∆ n S (n ≥ 1) appearing in subsequent iterations. Repeating this procedure for R∆ n α (n ≥ 0) one obtains that it reduces to ∇ · (R 2 ∇∆ n S).
The terms R∆ n α contribute to the divergence of a new probability current in the modified continuity equation. We see that the only change our construction of the relativistically extended Schrödinger equation brings about is in this current, or, what amounts to the same, in the continuity equation of the Schrödinger-Madelung system (2-3). One can write this equation as
where c n are coefficients of expansion. Multiplying both sides of it by R one arrives at
The last sum simplifies to G(λ 2 c ∆)S, where
the second equality being a straightforward consequence of relations √ 1 − x 2 = cos sin −1 x and cos y − 1 = −2 sin 2 y 2 . The continuity equation reads eventually
Alternatively, one can write the modified Schrödinger equation as
which is equivalent to
The presented equation is the best relativistic approximation to the Schrödinger equation that shares with it the properties of separability for composed noninteracting systems, the Galilean invariance, and the homogeneity in the wave function. Unlike in the case of the Klein-Gordon equation, its probability density is a non-negative function. The equation concerned supports stationary states of the linear Schrödinger equation for which S = −Et, without affecting their energy E. The simplest solution to (11) is provided by the plane wave, but it is also satisfied by both Gaussian wave packets and coherent states.
One can study this equation in its full-fledged form or in the leading approximation. The results of this study will be presented elsewhere [7] .
